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SEMILINEAR NONAUTONOMOUS PARABOLIC EQUATIONS 
WITH UNBOUNDED COEFFICIENTS IN THE LINEAR PART 

L. ANGIULI AND A. LUNARDI 


Abstract. We study the Cauchy problem for the semilinear nonautonomous 
parabolic equation ut = A(t)u + ^(t, u) in [s,r] x R d , r > s, in the spaces 
C&([s,t] x R d ) and in L p ((s,r) x R d ,z/). Here v is a Borel measure defined 
via a tight evolution system of measures for the evolution operator G(t, s) 
associated to the family of time depending second order uniformly elliptic 
operators A(t). Sufficient conditions for existence in the large and stability 
of the null solution are also given in both Cb and L p contexts. The novelty 
with respect to the literature is that the coefficients of the operators A(t) are 
allowed to be unbounded. 


1. Introduction 


This paper is devoted to the basic theory of a class of semilinear nonautonomous 
parabolic problems with non standard linear part. We consider Cauchy problems 
such as 


D t u(t, x) = (A(t)u)(t, x ) + u(t, x)), t>s, x G M d , 

u(s, x) = f(x), x G M d , 


(i.i) 


where the elliptic operators 


d d 

■am : = E Qij (t, T 

i,j=1 i=l 

have unbounded coefficients q-i :) , bi in I x I being a right halfline or the whole 
R, D, = d/dxi , Dij = d 2 /dxidxj. To our knowledge, no result for this type of 
problems is available in the literature. 

We make suitable assumptions on the coefficients in order that the linear part 
generates a Markov evolution operator G(t, s) in Cb{ R d ), the space of the bounded 
and continuous functions from R d to R. The coefficients of A(t) are smooth enough, 
namely locally U“/ 2, “ for some a € (0,1), the matrices Q(t,x ) = 
are uniformly positive definite, and there exists a C 2 Lyapunov function ip : R d i—>• 
[0, +oo) such that 

lim <p(x) = +oo, (A(t)p)(x) < a — c<p(x), (t,x) £ I x l d , 

|x|—>-+oo 

for some positive constants a and c. Such assumption allows to use maximum 
principle arguments both in linear and in nonlinear equations; see e.g. the proof of 
Theorem 14.51 The evolution operator G(t,s) is a contraction in Cb( R“), namely 


||G(f,s)/||oo< ll/lloo, /eC h (R d ), 
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and for any s £ I, (t,x) >->• ( G(t,s)f)(x ) £ C 1,2 ((s,+oo) x R d ) nC([s,+oo) x R d ) 
is the unique bounded solution of 

( D t v(t, x) = (A(t)v)(t, x), t > s, x £ R d , 

[ v(s, x) = f(x), x £ R d . 

uniformly for s < t in bounded intervals, say a < s < t < b. The construction of 
the evolution operator G(t, s ) and its main properties are in J3]. 

By “solution” to m in an interval [s, r] we mean a mild solution, namely a 
function that satisfies the identity 

u(t, •) = G(t, s)f + f G(t,r)ijj(r,u(r,-))dr, s<t<r. 

J S 

If / £ Cb (R d ), the usual arguments for parabolic equations with standard linear 
part (e.g. [%1 ITT)] ) are adapted to the present situation and lead to existence and 
uniqueness of a local mild solution, which is shown to be a classical solution under 
reasonable assumptions. To this aim we prove regularity and asymptotic behavior 
results for mild solutions of linear nonhomogeneous Cauchy problems, 

u(t, ■) = G(t, s)f + f G(t,r)g(r, -)dr, s<t<r. 

J S 

While the case g = 0 was thoroughly studied in P0, the nonhomogeneous case 
was neglected. Here we prove local and global regularity results in Section 2 and 
an asymptotic behavior result in Section 4, that are used as tools in the nonlinear 
case. 

The case of L p initial data is more difficult. Even in the linear autonomous 
case A(t) = A, the Cauchy problem may be not well posed in L p (R d ,da;) if the 
coefficients of A are unbounded, unless the coefficients satisfy very restrictive growth 
assumptions. The only way to work in L p spaces is to replace the Lebesgue measure 
dx by another measure, possibly a weighted measure p(x)dx. The best situation in 
the autonomous case is when there exists an invariant measure /r, namely a Borel 
probability measure such that 

[ T{t)f dp, = [ f dp, t > 0, / £ C fa (R d ), 

J R d J R d 

where T(t) is the Markov semigroup associated to A in Cb{ R d ). Under reasonable 
assumptions, a unique invariant measure exists, it is absolutely continuous with 
respect to the Lebesgue measure, and it is related to the asymptotic behavior of 
T(t), since 

lim (T(t)f)(x) = f fdp, f £ C&(R d ), x £ R d . 

t->+°o J Rd 

Moreover, the operators T(t) are easily extended to contractions in the spaces 
L p ( R d , p) for every p £ [1, +oo). 

The nonautonomous case is more complex. In general, a measure p such that 



G(t, s)f dp, 



t> 8, / £ C b ( R d ), 


does not exist. What plays the role of invariant measures are the evolution systems 
of measures, namely families of Borel probability measures {/r t : t £ 1} such that 


G(t, s)f dp t 



s £ I, t> s, / £ C b (R d ). 


In this case, G(t, s ) can be extended to a contraction from L p { R d , p s ) to L p ( R d , p t ) 
for t > s, for every p £ [l,+oo). However, in contrast to the autonomous case, 
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where the invariant measure is unique under very weak assumptions, evolution 
systems of measures are not unique. Among all evolution systems of measures, the 
one related to the asymptotic behavior of G(t, s ) is the (unique) tight® evolution 
system of measures. See m ta¬ 
in the paper [Bj a tight evolution system of measures {pt '■ t £ 1} was proved to 
exist. Here we set our nonlinear problem in the spaces L p (R d , p t ) where {pt ■ t £ 1} 
is such a tight evolution system of measures. As usual, to work in a L p context the 
nonlinearity is assumed to be Lipschitz continuous with respect to u. We introduce 
the measure v in I x ! d , defined by 

v(J x 0) := J 0) dt, 

on Borel sets J C /, 0 C R d and canonically extended to the Borel sets of I x M d . 
For every / £ L p (M. d : p s ) we prove existence in the large and uniqueness of a 
solution u to (0) belonging to L p ((s,t) x R d , u), for every r > s. Moreover, 
su Ps<t<T IK*, OIUhiam < 00 • 

Note that ED cannot be seen as an evolution equation in a fixed L p space, 
because our spaces A P (R d 1 pt) may depend explicitly on p. 

In Section 5 we turn to global estimates, asymptotic behavior and summability 
improving results. Assuming that ip(t, 0) = 0 for every t, we prove a nonautonomous 
version of the principle of linearized stability in the space C& (S' 1 ). In addition, under 
a dissipativity assumption on ip, 

< V>o£ 2 , tel, (el, 

with tpo £ R, we prove that for every / £ Cb{ R d ), the solution u to ED satisfies 
\u(t,x)\ < e ^a{t-«)||/|| oo) t>s,xG R d . (1.2) 

So, the null solution is globally stable if ipo = 0, exponentially globally stable if 
tpo < 0. The same assumption, together with some technical assumptions on the 
growth of the coefficients as \x\ —> oo, allows to prove a similar result in our L p 
context: for every / £ L p ( R d ,/r s ), the solution u to ED satisfies 

IKV)||LP(R<v t ) < e’ / ' o(t_s) ||/|| L p(Rd i/ia) , t>s. (1.3) 

If the measures n t satisfy a uniform logarithmic Sobolev type inequality with con¬ 
stant K , 

[ IS'PloglsIdMr < IMI2 t ( R<* a r ) lo ^\\9\\L^(M^^)+l K [ \gV~ 2 \Vg\ 2 dHr, (1.4) 
J R d J{g^ 0} 

for any r £ I, g £ R d ) and 7 £ (l,+oo), then estimate (11.31) can be improved 
as follows, 

IK*, •)llLKU(R£ /it ) < e* ( 4 " s) ||/|| L p (R d i(Ua) , t > s, (1.5) 

where p(t) := e n ° K 1( ' t ~ s \p — 1) + 1, po being the ellipticity constant. So, we 
get a hypercontractivity property that is similar to the linear case (El) if Po = 0 , 
hypercontractivity plus exponential decay if V’o < 0 . 

Note that estimates ED. ED and ED are significant also if ipo > 0 . 

Several examples of operators A(t) that satisfy our assumptions are in the pa¬ 
pers M to which we refer for detailed proofs. In particular, we allow for time 
dependent Ornstein Uhlenbeck operators 

d d 

A(t)C(x) = J2 Z)(M*)*i + /iW) AC(*) 

i,j=l i,j =1 

■^A set of Borel measures {fit : t E 1} in is tight if for every e > 0 there exists p > 0 such 
that \ B( 0, p)) < e, for every t G /. 
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with bounded and locally Holder continuous q^, bi , /» and uniformly elliptic dif¬ 
fusion part. In this case, we can take <p(x) = \x\ 2 if the matrices 
are uniformly negative definite; the tight evolution system of measures is explicit 
and it consists of suitable Gaussian measures depending on t. See [7], where the 
evolution operator G(t, s ) for nonautonomous Ornstein-Uhlenbeck equations and 
the associated evolution systems of measures were studied under weaker assump¬ 
tions than the present ones. This is the only nontrivial case such that the measures 
y t are explicitly known. In the other cases, several properties of the measures yt 
were proved in the above mentioned papers M and in [12], that dealt with the 
time periodic case qijit + T,x) = qij(t, x), biit + T,x) = bi(t, x). In that case, the 
tight evolution system of measures is also T-periodic. Sufficient conditions for the 
occurrence of the logarithmic Sobolev inequalities (O) are in [3 . 

Notations. For k > 0, d > 1, by C* (R d ) we mean the space of the functions 
in C fc (R d ) which are bounded together with all their derivatives up to the [k]- 
th order. Cj;(R d ) is endowed with the norm ||/||= S|a|<fe ||-D°7||oo + 
Xq a |=[fc] \-^ a f\c k ~ lk] (R d ) w ^ ere II ’ 11oo and [k] denote respectively the sup-norm and 
the integer part of k. When k ^ N, we use the subscript “loc” to denote the space 
of all / £ G[ fe ](K. d ) such that D^f is (k — [fc])- Holder continuous in any compact 
subset of R d . The space of bounded Lipschitz continuous functions is denoted by 
Lip & (R d ) and equipped with the norm || • Hoc + | • lup^)- 

For any interval Jcl, C“/ 2, “(J x R d ) (a £ (0,1)) denotes the usual parabolic 
Holder space and the subscript “loc” has the same meaning as above. 

All these functional spaces are also used when R d is replaced by any open set 
0 C R d , with the same meaning as in the whole space. 

We use the symbols D t f, Dif and Dijf to denote respectively the time derivative 
^ and the spatial derivatives -j^- and q x for any i, j = 1 ,,d. The gradient 
of / is denoted by V/ and the Hessian matrix by D 2 f. 

We denote by Tr(Q) and (x, y) the trace of the square matrix Q and the Euclidean 
scalar product of the vectors x,y £ R d , respectively. The open ball in R d centered 
at 0 with radius r > 0 and its closure are denoted by B r and B ri respectively. For 
any measurable set A we denote by \A the characteristic function of A. 

The integral over R d of a function / with respect to a measure y will be denoted 
by f Rd f dy or by f Rd f(x) y{dx). 

2. Assumptions and preliminary results 

Let / be either an open right-halffine, or I = R. Let A(t) be a family of linear 
second order differential operators defined by 

d d 

(A(tK)(x) = £ qij(t,x)DijC(x) T ^ ] bi (f, x^DjQ^x) (^-1) 

i,j =1 i —1 

= Tr(Q(t, x)D 2 C,(x)) + {b(t, x), S7((x)), tel, x £ R d . 

Our standing assumptions on the coefficients of the operators A(t) are listed 
below. 

Hypothesis 2.1. (i) qij , h £ C' 1 “{ 2 ’“(i'xR‘*) (i,j = l,...,d) for some a £ (0,1); 

(ii) for every (t,x) £ / x R d , the matrix Q(t,x) = [qij{t, x)]ij is symmetric and 
uniformly positive definite, i.e., 

{Q(t,x)£,0 > v(t,x) |CI 2 , 


(t,x)elx R d ,£eR d , 
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for some function rj : I x R d —> R such that 

inf p(t,x) = r) 0 > 0 ; 

(£,x)E JxM d 

(iii) there exists p £ C 2 (R £i ) with nonnegative values such that 

lim p(x) = +oo and (A(t)p)(x) < a — cp(x), ( t,x ) £ I x R d , 

| x | —^-(-00 

for some positive constants a and c. 

Under Hypothesis 12 .II it is possible to define a Markov evolution operator {G(t, s) : 
t > s £ 1} in C b ( R d ) associated to the equation D t u = A(t)u, see ( 6 ]. Here we 
recall its main properties. For every / £ C b ( R d ) and any s £ I, the function 
(t,x) i-A ( G(t,s)f)(x ) belongs to Cb([s,+oo) x R d ) fl C' 1 , 2 ((s,+oo) x R d ) and it is 
the unique bounded classical solution of the the Cauchy problem 

J D t u(t,x) = A(t)u(t,x), (t,x) £ (s,+ oo) x K d , 

| u(s,x) = f(x). 

We have 

l|G'(*,s)/|| 00 < ll/lloo, t6( (l +oo), f£C b (R d ), (2.2) 

and for any s £ /, t > s and every x £ ! d there exists a unique Borel probability 
measure p(t, s, x, •) such that 

{G(t,s)f)(x) = [ f (y)p(t, s, x, dy), f £ C b ( R d ). (2.3) 

Js. d 

Moreover for each bounded interval J £ I and for any r > 0 the family of the 
measures {p(t, s,x,dy) : t, s £ J, t > s, x £ B r } is tight, i.e., for any e > 0 there 
exists p > 0 such that p(t, s, x , R d \ B p ) < e for any t > s £ J , x £ B r ([5], Lemma 
3.5]). 

By B Thm 5.4], there exists an evolution system of measures {pt '■ t £ 1} for 
G(f, s), i.e., for any t £ I, pt is a Borel probability measure and 

[ (G{t,s)f)(x) p t (dx) = [ f(x)p s (dx), t> s, f £ C b {R d ). 

Jm. d J R d 

The Lyapunov function p of Hypothesis 12.11 belongs to L 1 (R d , p t ) for any t £ I and 
there exists a positive constant M v such that 



p{x)p t {dx) < M v , 


t£ I. 


The measures pt enjoy the following weak continuity property, 


(2.4) 


Lemma 2.2. For every f £ C b (R d ), the function t i-a f Rd f dpt is continuous in I. 

The proof given in 1 H Cor. 2.3], that deals with the time periodic case, works 
as well in this general case. 

The invariance property of the measures { p t }, the integral representation formula 
(12.311 and the density of Gb(R d ) in L p (R d , p s ) for every s € I ([3] Lemma 2.5]), allow 
to extend G(t,s) to L p (R d ,p s ), see e.g. [3| p. 2054]. Such extension, still denoted 
by G(t, s), is a contraction from L p (R d : p s ) to L p (R d ,/q), that is, 

\\G(t,s)f\\ LP ( R d ^ < ||/||LP(R<i iAls ), t > s, f £ L p (R d ,p s ). 
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Hypothesis [2J] is enough to prove continuity properties of mild solutions to linear 
Cauchy problems, that will be used in the nonlinear case. For any [a, b] C I and 
any g £ Cb((a, b) x R d ), we consider the function 

v(t, x) := f (G(t,r)g(r,-))(x) dr, t £ [a, b\, x £ R d . (2.5) 

J a 

Lemma 2.3. Let Hvvothesis \2. 1\ hold. For any [a, b\ C I and any g £ Cb([a , b] xR d ), 
the function {(t, r) : a < r < t < b} x R d i-a R, (t, r, x) i-A (G(t,r)g(r,-))(x) is 
continuous and bounded. 

Proof. Boundedness follows immediately from (12.21) . We shall prove continuity in 
the set A B := {(t, r) : a < r < t < b} x Bn, for every R > 0 . 

Fix e > 0. By the tightness property of the measures p(t, r, x, dy) there exists 
p > 0 such that 

sup{p(f, s , x, M. d \ B p ) : a < s < t < b, x £ Bn} < £. 

Moreover there exists 5q > 0 such that for n, r 2 £ [a, b\ with |n — r 2 | < <5o and for 
every y £ B p we have \g{r 1: y) - g(r 2 , y)\ < e. 

Fix ( t,r,x ), (to,ro,xo) £ An, such that to > rg. For t > r (which is not 
restrictive, since we will let t —> to and r —> ro) we have 

\{G(t,r)g(r,-))(x) - (G(t 0 , r 0 )g(r 0 , -))(^o)| < 

< I (G(t,r)(g(r,-) - g(r 0 , -)))(a;)| + | (G(t,r)g(r 0 ,-)){x) - {G(t 0 ,r 0 )g(r 0 ,-)){x 0 )\ 
Let us estimate the first addendum. We have 
\(G{t,r)(g(r,-) - g(r 0 ,-))(x)\ < 

< / \(g(r,y) - g(r 0 ,y))\p(t,r,x,dy) + / \g{r,y) - g{r 0 ,y)\p{t,r,x,dy) 

J B p Js. d \B p 

< sup ygBp \(g(r,y) - g{r 0 ,y))\p(t,r,x,B p ) + 2\\g\\ oc p(t,r,x,R d \ B p ) 

< sup ygBp | (g{r,y) - g{r 0 ,y))\ + 2||^|| 00 /?(£, r, x, R d \ B p ), 
so that, if |j— ro| < <5o, 

I (G(t,r)g(r,-))(x) - (G(t,r)g{r 0 ,-)){x)\ < e + 2\\g\\ 00 e. 

Moreover, by El Thm. 3.7], the function ( t,r,x ) i —> G{t,r)g{ro,-){x) is contin¬ 
uous in {(t,r) : t > r £ 1} x R d . Therefore, there exists rj > 0 such that 
l(G(t,r)c/(ro,-))(a;)-(G'(toC’o) 5 ( 7 ’o,-))(a;o)| < e if |f-*o| + \r-r 0 \ + ||x-x 0 || R <i < g. 
So, lim (tiJ . ia .)_ > . ( t 0ir0ia . o) (G(t,r)ff(r ) •))(*) = (G(to,r 0 )g(r 0 ,-))(xo). 

For to = r 0 , we have G(to,?’o) = I- If also t = r we have G(t,r) = I and 
the statement is reduced to the continuity of g at (ro, xo ) ■ If t > r we argue as 
above. □ 

Proposition 2.4. Let Hvvothesis WfT\ hold. For any g £ Cb((a,b)xR d ), the function 
v belongs to Cb{[a, b] x R d ). 
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Proof. By estimate m , v is bounded in [a, 6 ] x R d . Let us prove that it is con¬ 
tinuous. For a < to <t < b and i, Do € R * 1 we have 


\v(t,x) - v(t 0 ,x 0 )\ < 


(G(t,r)g(r,-))(x)dr - f (G(t,r)g(r,-))(x)dr 

J a 


(G(t,r)g(r, -))(x) dr — f (G(t 0 ,r)g{r,-))(x 0 ) dr 
i J a 

< f \(G(t,r)g{r,-))(x)\dr 

Jtn 


+ f I {G(t,r)g(r,-))(x) - (G(t 0 ,r)g(r,-))(x 0 )| dr. 

J a 

By (12.21) . the first integral does not exceed (t — to)||sl|oo- Since for every r G (a, b) 
the function (t, x) K > G(t,r)g{r,-)(x) is continuous, then 

, lim \{G(t,r)g(r,-))(x) - (G{t 0 ,r)g(r,-))(x 0 )\ = 0. 

{t,x)—>(to,Xo) 

Moreover, | (G(t,r)g(r,-))(x) - (G(t 0 ,r)g(r,-))(x 0 )| < Z^lloo, still by ([272]). By the 
Dominated Convergence Theorem, the second integral vanishes as (t,x) —> (to,xo) 
with t > to. Then, | v(t,x) — v(to,Xo)\ tends to 0 as (t,x) —> (to,xo) with t > to- 
Arguing similarly in the case t < to we get the claim. □ 

As in Proposition 12.41 throughout the paper we shall deal with functions be¬ 
longing to Cb(J x R d ), where J is an interval. Note that if h G Cb{J x R d ), the 
function t i —> h(t , •) is not necessarily continuous with values in Cf,(R d ), as well 
as t i—► \\h(t, ^lloo- However, the latter function is measurable, as the next lemma 
shows. 

Lemma 2.5. Let J C R be an interval. Then, for any continuous and bounded 
function h : J x R d —> R, the map t >->■ \\h(t, ^Hoo belongs to L°°(J). 

Proof. First we notice that for any r > 0, the function t > \\h(t, is 

continuous in J. Indeed, for any t, to G J, we have 

|IIMC _ \\h(to, ■)lli~(Br)| - WHtr) - ^(for)||L~(B r ) (2-6) 

and the right hand side of CU) vanishes as t —> to, by the uniform continuity of h 

on compact sets. On the other hand, since 

\\h(t, *)II oo = sup||/i(t,-)||i«(B r ), t G J, 

r >0 

and the supremum of continuous functions is measurable, then t i —> \\h(t, -)||oo is 
measurable. □ 

Lemma 12.51 will be used to apply an L°° version of the Gronwall Lemma to 
h(t) := ||u(f, -)lloo, where u is the mild solution to (11.11) . In fact, we will use two 
variants of the Gronwall Lemma. 

Lemma 2.6. Let a < b G R. 

(i) Let w G L°°(a,b ) be a nonnegative function, and let h, k > 0 be such that 
w(t) <k + h w(s) ds , a.e. t G [a, b]. 


Then, w(t) < e h ^ a ^k for a.e. t G [a, b}. 
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(ii) Let w G C([a,b]) be a nonnegative function, and let h < 0 be such that 

w(t) < w(s) + h w(r) dr, a < s < t < b. 

J S 

Then, w(t) < e h ^~ a ^w(a) for every t £ [o, 6 ]. 

In the following we will need that the local mild solution of the problem (O) 
with / £ Cb(R d ), is actually classical. To this aim we shall use local estimates for 
the derivatives of G(t, s)f. 

Proposition 2.7. Let Hvvothesis \2.1\ hold. Then for every a G I, b > a, R > 0 
and 0 < r) < 2 + a there is C\ = Ci(a, b, R, rf) > 0 such that for every f £ Cb(]R d ) 

II(<?(M)/)|bJc,>(bh) - (t-s)*!/ 2 II^H 00 ’ a ^ s<t ^ b - ( 2J ) 

Moreover, for 0<9<l,6<ij<2 + a there is C 2 = 62 ( 0 , b , R, 77 , 9) > 0 such that 
for every f £ Cb( R d ) that is locally 9-Holder continuous we have 

H(G(i, s)/)|-b h |Ic’>(b h ) ^ (t - s)(v-S)/2 II^|'Bk + iIIc' , ('Bh + i)’ a < s < t < b. ( 2 . 8 ) 

Proof. Estimates (12.711 follow from [51 Thm. 4.6.3], taking D = Br+ 1 x [s, 6 ], To 
prove (12.811 we use similar estimates for parabolic equations in balls, and a standard 
localization procedure. We fix R > 0 and we denote by U(t, s) the evolution opera¬ 
tor associated to the family Aft), with homogeneous Dirichlet boundary condition, 
in C(Br + 1 ). For 0 </ 3 <l,/ 3 < 7 <l + a there exists C 3 = 63 ( 0 , b, 7 , /3, R), such 
that 

\\U(t, s)^|| C 7 (b h+i) < ll^ll ce(B R+1 y a<s<t<b , (2.9) 

for every ip £ C^(Br + 1 ) that vanishes at 8Br + \. Such estimates should be well 
known; to be complete we give a proof in the Appendix. 

For s £ I set 

u(t,x ) := G(t,s)f(x), t> s, x € 

Let £ £ C“(R d ) be such that ( = 1 in Br, ( = 0 outside Br + i. The function 
u\{t,x) := u(t,x)((x) satisfies 

D t ui = A{t)ui - uA(t)( - 2{Q(t,-)S7 x u, VC), t>s,xGB R+1 , 

< zii(s,a;) = f(x)C(x), x £ B R+1 , 

u\(t, x) = 0, t>s,xGdB R+1 , 
and therefore it is given by 

ui(t,-) = U(t,s)(fC) + ( U{t,r)g 1 (r,-)dr, t>s, (2.10) 

J S 

where 

9i(r, •) = ~u{r,-)A(r)C - 2 (Q(r, -)V x u(r, ■), VC). 

g 1 is continuous in (s, + 00 ) x .Br+i, it vanishes at (r, x) with x £ BBr + 1, and for 
fixed er £ (0,1) by estimates (12.711 there exists C 4 > 0 independent of / such that 

\\9i(r,-)\\ c „ { B R+1 ) <C4\\f\\oo{r - S y 1/2 - a/2 , a<s<r<b. (2.11) 

Estimate CUD with 7 = 77 , /3 = 9 gives 

(* - ^-^II^MX/Ollc^+o ^ c 3ll/CII^(B R+l) < C 6 \\f\\ c .(E R+l) 
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with C 5 independent of /. Now we fix a £ (0,1) fl (77 — 2, 77 ); estimates (12.fill and 
(12.911 with 7 = 77 , P = a yield 


U(t,r)gi (r, -)dr 


c^(B R+ 


f* 1 

j s C°(B R+1 ) dr 


< C 6 (t - s )C 1 -^)/ 2 ||/|| oo < c 6 (b - a)^- e y 2 (t - a )(e-»)/2||/||oo, 
with Cq independent of /. Recalling (12.101) . we obtain 

II u i|Ic'i('Br + i) - - s) (S r,)/2 \\f\\ C o(B R+1 y 

for some C 7 independent of /, and since (G(t,s)f)(x) = ui(t,x) for x £ B R the 
statement follows. □ 

Taking 77 = 1 , (EH gives local gradient estimates for G(t, s)f. Adding the 
following assumptions to the basic Hypothesis 12.11 global gradient estimates are 
available. 

Hypothesis 2.8. (i) The first order spatial derivatives of the coefficients qtj and 

bi (i, j = 1,..., d) belong to x R d ); 

(ii) there exists a continuous function k : I —> [ 0 , + 00 ) such that 

I V x qij(t,x)\ < k(t)rj(t,x ), (t,x) £ I xR d , 

for any i,j = 1 ,.. .,d; 

(iii) there exists a continuous function m : I —> R such that 

(V, 6 (t, x)Z, 0 < m(tM \ 2 , ^ e R d , {t, x) £ I x R d . 

The following gradient estimates were proved in 0 Thm. 4.11]. 

Proposition 2.9. Assume that Hvuotheses \2. 1\ a,nd \2.8\ hold. Then, for any a £ I, 
b > a, there are K\ = K\(a, b), K 2 = ^ 2 ( 0 , b) such that 

||V,G(t, S )/|U<-^ll/IU, a<s<t<b 7 f£C b (R d ), (2.12) 

y/t — S 

\\^Mfs)f\\ 00 <K 2 \\f\\c i ^ ) , a < s < t < b, f£Cl{ R d ). (2.13) 

Global estimates of the second and third order space derivatives of G(t, s)f are 
available under stronger assumptions, arguing as in the autonomous case (e.g., 
Hamm). However, they are not needed here. To prove that mild solutions are 
in fact classical, local smoothing properties of G(t, s) are enough. 

Proposition 2.10. Let Hvvotheses \2. 1\ hold. For a £ I, b > a, g £ Cb([a, b] x R d ), 
let v be the function defined in (f23]l . Then 

(i) v{t,-) £ C 1 (R d ) for a < t < b, and sup a < t ^ b ^ x \< R \Djv{t,x)\ < +00 for 
j = 1,..., d and for every R > 0. 

(ii) If in addition g(t , •) is Holder continuous in every ball, uniformly with re¬ 
spect to t £ [a, b\, then DijV, D t v exist and are continuous in [a, b] x R d for 
i, j = 1,... d. Moreover, D t v = A(t)v + g in [a, b] x R d . 

(iii) If Hvvotheses \2.1\ and \2.8\ hold, then v(t,-) £ C^(M d ) for a < t < b, and 
sup a < t <b, zeiy I Djv(t, a:)| < +00 for j = 1 ,..., d. 

Proof, (i) Estimate m with 77 = 1 allows to differentiate v with respect to Xj, to 
obtain that Djv(t,-) is continuous and \Djv(t,x)\ < 2C\{a, b, R , 1 )y/b — a|| 5 ||oo for 
every t £ [a, b], \x\ < R, j = 1,..., d. 

(ii) If g(t,-) £ C e (B R ) uniformly with respect to f £ [a, b] for every R > 0, 
estimate (12.81) with 77 = 2 allows to differentiate continuously v(t,-) twice with 
respect to the space variables, and to get \Dijv(t,x)\ < 29~ 1 C2{a, b, R, 2, 9){b — 
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a) e/2 sup a < r < 6 ||sf(r,-)||c« ( B R+l) for h 3 = 1 ,---d, x £ Br. Continuity in time 
of the space derivatives is readily obtained by interpolation. Indeed, taking rj £ 
(2, min{a+2, 6+2}) in fl2H> we get v(t, •) £ C r >(B R ) and sup a < t < 6 ||u(f, Ollc^Bs) < 
oo. Applying the interpolation inequality 


IMIc 2 (b k ) < c\\<p\\ 




to v(t, -)—v(s, •), we obtain that 1 K > v(t, •) is continuous (in fact, Holder continuous) 
with values in C 2 (Br ), so that the derivatives DiV, DijV are continuous in time, 
uniformly with respect to the space variables in Br. Therefore, Di,v , D^v are 
continuous in [as, 6] x R d . 

To conclude, we have to show that v is differentiable with respect to time and 
that D t v = A(t)v + g in [a, &] x R d . 

Let us consider the right derivative. Fix t £ [a, b), x £ Br and h £ (0, b— t\. 
Then, 

h ~ 1 (v(t + h, x) — v(t, x)j =h ~ 1 j (( G{t + h,r) — G(t, r))g(r, •)) ( x)dr 






(G(t + h, r)g(r, -))(x) dr 

rt-\-h 


where 

Then 


/ t pt+ri 

ft Ah, r) dr + h _1 J ( G(t + h, r)g(r, ■)){x)dr , 

(2.14) 

ft Ah, r) := ft . -1 ((G(t + h,r)~ G{t, r))g{r , •)) (x). 


hm f t Ah, r) =A(t)(G(t,r)g(r,-))(x), r £ [a,t). 

h—> 0 + 


Let us estimate | ft Ah, r )l- Let K > 0 be such that 

\qij(t,x)\ < K, \bi(t,x)\ < K, a < t <b, x £ Br. 
Then, using (12.81) with g = 2 and (12.71) with g = 1 we obtain 

\ft,x(h,r)\ = ' 1 
h / d 

t\ I 

< 

h I n \ 

i,j =1 


(Aft + cr)G(t + a, r)g(r, -))(a .)da 

\f ( it, \ D ij( G ( t + a , r )9( r ,-)(x)\ +J2\D l (G(t + a,r)g(r,-)(x)\ \ dr 
do V ,• i i=i J 


< C(sup r6[ajb] || g(r, •)II c «(b r+1 ) + h\\A(t - r) {e 1)/2 


for some positive constant C = C(a, b , R, 6). Hence, by the Dominated Convergence 
Theorem, 


lirn / ft x (h,r)dr 

h^-0+ J a 


/ 


A(t) (G(t,r)g(r, •)) (x)d 


r. 


Concerning the second term in the right hand side of (12.141) , by Lemma 12.31 the 
function r >-)• (G(t + h, r)g(r, -))(a:) is continuous in [t, t + h\. Therefore there exists 
77 j £ (t,t + h) such that 


1 

h 


pt-\~h 


(G(t + h,r)g(r,-))(x) dr 


(G(t + h,r h )g(r h ,-))(x). 
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Still by Lemma [231 the function (t,r) —> (G(t,r)g(r,-))(x) is continuous for any 
x £ R d . Since rn —> t as h —> 0, we get 

lim - / (G(t + h,r)g(r,-)){x)dr = g(t,x). 
h- s-o+ n J t 

Since R is arbitrary, 

lim /i -1 (v(t + h, x) — v(t, x)\ = [ A(t)(G(t,r)g(r,-))(x)dr + g(t,x), (2.15) 

?i^0+ V ) J a 

for any t £ [a, b) and x £ R d . 

Let us consider the left derivative. For t £ (a, 6], x £ Br and h £ [a — t, 0) we 
have 

pt-\-h nt 

I ft,x{h,r) dr—h -1 / (G(t,r)g(r, -))(x) dr 

a J t-\-h 

and arguing as before we get (12.151) . with lining- instead of lini/ l _ >0 +. 

Since DijV £ Cb([a, b] x R d ) for i,j = 1,..., d, we conclude that D t v £ C([a, b] x 
R d ) and satisfies D t v = A(t)v + g in [a, b] x as claimed. 

(iii) If also Hypothesis 12.81 holds, estimate (12.121) allows to differentiate v with 
respect to Xj and to obtain that Djv(t , •) is continuous and satisfies || Djv(t, -)l|oo < 
2Ki(a, b)y/b — allglloo for every t £ [a, b], j = 1,..., d. □ 


h 1 (v(t + h, x) — v(t, x) j 


3. Semilinear problems 


Fixed s £ /, we consider the semilinear parabolic problem 

J D t u(t,x) = A(t)u(t,x) + ip(t,u(t,x)), (t, x) £ (s, +oo) x R d , 

u(s,x) = f(x), x £ M d , 

where ^l(-) is defined in (12.11) . / £ X, X being either L p ( K d ,/x s ), p £ (l,+oo) or 
C6(M d ), and ^:JxR->Iisa given function. 

Definition 3.1. Let t > s £ I and f £ X. A function u : [s, t\ x R d i— > R is called 

(i) classical solution of HMD in the interval [s,t], if u £ C 1 ’ 2 ((s,r] x R d )) D 
C([s,r] x R d ) and u satisfies (13.11) : 

(ii) mild solution of HMD in the interval [s, r], if for a.e. x £ R d and any 
t £ ( s,t ], the function r i— > (G(t,r)i/j(r,u(r,-)))(x) is integrable in ( s,t ) 
and 


u(t,x) = (G(t, s)u Q ){x) 


[G{t, r)ip(r,u(r, •))) (x) dr, 


for any t £ [s,t] and a.e. x £ R d . 


(3.2) 


3.1. Local Existence and Uniqueness of a mild solution. 


3.1.1. The case X = L p ( R d ,/i s ). This subsection is devoted to prove existence 
and uniqueness of a mild solution of m when the initial datum / belongs to 
L p ( R d ,/i s ). To this aim we require that the function ip : I x R — >■ R satisfies the 
following assumptions. 

Hypothesis 3.2. ip(t , •) is Lipschitz continuous, uniformly with respect to t in 
bounded subintervals of I, i.e. for any s £ I and t > s there exists L > 0 such that 

I - ip(t,r])\ < L\£ — r)\, t £ [s, r], (,i)SR. 

Moreover, 1 1 — > ip(t, 0) is in Lj oc (I). 
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In the sequel we will consider the measure 

v{J x 0) := J fj, t (0)dt, 


defined on Borel sets J C /, 0 C and canonically extended to the Borel sets of 
I x R d . 

Theorem 3.3. Let Hvvotheses \2.1\ and \3.2\ be satisfied. Then, for any s £ I, t > s 
and f £ L p (R d ,/i s ) there exists a unique mild solution Uf of (13.11) in [s,t], such 
that Uf belongs to L p ([s,t] x R rf ,^). There exists K > 0, depending only on s and 
t, such that for every f, g £ L p (R d ,p s ) we have 

sup II Uf(t, •) - Ug(t, •)llLr(RV t ) < K \\f - (3.3) 

S<t<T 

Proof. We look for a mild solution in the space 

Y := {u : [s, r] x R d i-a R : u is v — measurable, sup || u(t, •)llip(R d ,/it) < °°} 

S<£<T 


We consider the nonlinear operator F defined on Y by 
(Tu)(t,x) = G(t,s)f(x) + [ (G(t,r)ip(r,u(r,-)))(x)dr, 


s <t < t, (3.4) 


and we look for a fixed point of T. To this aim we prove that T maps Y into itself 
and it is a contraction provided Y is endowed with the norm 

IMIr = sup e- wt |KV)||LP(R Vt ) 

S<t<T 

with suitable oj > 0. Note that Y is a Banach space with the norm || • ||y, and Y 
is continuously embedded in L p ([s,r] x R d ,v). 

Let v±,V 2 £ Y. Then for s < r < t we have 

llt/H 7 "; v i(r, •)) -i/j(r,V2(r,-))\\ LP(R d^ r) < L||ui(r, •) -v 2 (r,-) ||LP(Rd, Mr ), 

where L is the Lipschitz constant in Hypothesis 13.21 Since G(t, r) is a contraction 
from L p (R d ,fj. r ) to L p (R d ,/j. t ), then 

e“ wt ||rui(f, •) - Tv 2 {t, ■)||LP(R‘», Att ) < e~ ut L f ||«i(r, •) - v 2 (r, -)IUp(r *,n r )dr 

J S 

< u}~ 1 L\\v 1 - v 2 \\y. 

Therefore, T is a 1/2-contraction if w > 2 L. To prove that the range of T is 
contained in Y it is enough to check that T(0) £ Y. This is true since 

rt 


r(0)(f, x) = ( G(t , s)f)(x) + f ip(r , 0 )dr, s<t<r , 

J S 


x G 


so that 


l|r(0)(t, •)l|iP(R' J ,Mt) - ll/ll A p (R d ,/. 


if(r, 0 )dr 


which is bounded in [s,r] since i/(-,0) £ L\ oc {I). 

Let us prove the statement about dependence on the initial datum. For /, 
g £ L p (R d ,/j s ) we have 

- u g (t ,•) = G(t,s)(f — g) + f G(t,r)(ip(r, u f (r, •)) - ip(r,u g (r,-)))dr 

J S 


II Uf ~ Ug\\ Y < ||/ - P||LP(Ri, M .) + n\\ U f - U 9\W 


so that 
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which implies 

\\uf-Ug\\ Y < 2\\f - g\\ LP{Rd ^ s) 

and therefore 


sup || u f {t, •) - u g (t, < 2e“ T ||/ - g\\ L p(Rd tlla) 

S<t<T 


which yields (13.31) . 

Last, we prove uniqueness of the mild solution in L p ([s,t] x R d , u). We use the 
same trick as above, namely we endow L p ([s, t] x R d , v) with the norm 


Ml 



e Ut \u(t, x)\ p nt{dx)dt 


i /p 


with u large, precisely w > (r — s) p 1 L P . 

If ui, u 2 are two mild solutions of eu belonging to L p ([s,t] x R d ,u), we have 


G(t,r)(ip(r, ui (r, •)) - ip(r, u 2 (r,-)))dr 


dt 


LP(R*,m) 


< [ e ut (t-s) p ' 1 [ \\G(t,r)(ip(r, «i(r, •)) — ip(r, u 2 (r, •)))lliP ( K<J, A i t) ^ r ' dt 

J S J S 

<[ e~ u)t {t — s) p ~ 1 f -ip{r,u 2 (r,-))\\l P(Rd ^ r) drdt 

J S J S 

<[ e~ ult {T-s) p - 1 L p f \\u 1 (r,-)-u 2 (r,-)\\ P LPiRd tir) drdt 
J S J S 

= {t-s) p ~ 1 L p f e~ uir \\u 1 {r,-)-u 2 {r,-)\\ p LP{Rd ^ ) f e "“ (t “ r) dt dr 
J s Jr 

= (r — s) p_ 1 L p w _1 ||iti — u 2 \\ p 

Since w > (r — s) p ~ 1 L p , then ||ui — U 2 II = 0 so that u\ = u 2 . □ 

3.1.2. The case X = Cb(R d ). Here we prove existence and uniqueness of a local 
mild solution to m when / £ Cf,(R d ). In this setting, we weaken a part of 
Hypothesis 13.21 requiring just local Lipschitz continuity of the nonlinearity. 

Hypothesis 3.4. The function ip is continuous and ip(t, •) is locally Lipschitz con¬ 
tinuous, uniformly with respect to t on bounded subintervals of I, i.e., for any s £ I 
and R > 0 there exists Lr > 0 such that 

-^(£>7?)! < l r\€~v\, x,y £[-R,R],t£[s,s + l\. (3.5) 

Theorem 3.5. Under Hvvotheses \2.1\ and \3.4\ for any s £ I and any f £ Cf,(W l ) 
there are r, S > 0 such that if \\f — /||oo < r then there exists a unique mild solution 
Uf £ Cb([s, s + <5] x R d ). If g £ Cj,(R d ) is such that \\g — f ||oo < r, then 

\\uf(t,-)-u g (t,-)\\ 00 <2\\f-g\\ 00 , te[s,s + $]. (3.6) 

Proof. Fix R > 0 such that R > 8||/||oo- If 11/ — /||oo < r := R/ 8, then 

||G(t,s)/|| 00 <i?/4, t>s. 

We look for a local mild solution in the space 

Yr = {u £ Cb([s, s + <5] x R d ) : ||u||ci,([s,s+i5]xR d ) < R} 
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where 5 £ (0,1] has to be determined. We consider the nonlinear operator T defined 
on Yft by (13.41) and we prove that T is a contraction which maps Yr into itself, if S 
is small enough. 

First of all, for every v € Yr the function (r, x) H > ip[r, ii(r, x )) is continuous and 
bounded in [s, s + 5] x R d ; hence by Proposition 12.41 Ti; £ Cb([s, s + <5] x R d ). 

Let V\,V 2 € Yr. Then ||ui(t)||oo < R and IK ; 2 (t)||oo < R for any t £ [s,s + <5] and 


||r(ni) — r(c 2 )||oo = sup 

t£ [s ,s + <5] 


(G(t, r)[ip(r, vx (r, •)) - ip{r, v 2 (r, ■))])(£) dr 

< sup / \\G(t,r)[ip(r,vi(r, •)) — ip(r, v 2 (r, -))]IIoo dr 
£6[s,s+<5] Js 

rs-\-6 

< / \\^{r,Vi{r,-))-^[r,v 2 {r,-))\\ 00 dr 

J S 

< 5L r \\vi - v 2 \\ 

OO ? 


where L R denotes the Lipschitz constant in (13.51) . (Note that the functions r i-A 
\\G(t, r)[ij){r,v\(r, ■)) — ip(r,v 2 (r, •))]||oo and r \\ip(r, tq(r, •)) - i/j(r,v 2 (r, •))|| 00 are 
measurable in ( s,t ) and in (s,s + <5) respectively, by Lemma |2.51) . Then, choosing 

<5 < := min{l, (2Lr) -1 }, we obtain that T is a --contraction. 


Let now v £ Yr. If S < <5q we have 


lir^lloo < ||i» - r(0)|| oo + lir^Hoo 

< ^ + l|G(-,s)/||oo + 5 sup |v>(r,0)| 

2 re[s,T] 

-~Y + T + 6 sup |'0(r,0)|. 

2 4 re[s,T] 

Thus, if 6 < S R := min{(5o,di} where <5i = 1 if ip(r, 0) = 0 for every r £ [s, s + 1], 
<5i := (sup re r SjS+1 ] \ip(r,0)\)- 1 R/4 otherwise, T maps Yr into itself so that it has a 
unique fixed point in Yr, that is a mild solution of m- 

To get uniqueness of the mild solution in Ct,([s, s + <5] x R d ) we argue by con¬ 
tradiction. Let us assume that iti, u 2 £ C{,([s, s + <5] x R d ) be two mild solutions of 
m and set R' = maxIH^iH^, Halloo}- For any t £ [s,s + <5], recalling that the 
functions r H > \\ip(r,ui(r,-)) — ip(r, u 2 (r, -))||oo and r i —> ||iii(r, •) — u 2 ( r ! Olloo are 
measurable in (s,f) by Lemma 12.51 we have 


|ltl(f) - U 2 {t) ||oo = 


(G{t,r)(ip{r,u r(r, •)) - ip(r, u 2 {r, •)))) (x) dr 


< / \\ip(r,ui(r,-)) - ^(r,u 2 (r,-))H 00 dr 


<L r > ||ui(r, ■) — u 2 (r, -jHoo dr. 

J S 


Since t i-a ||rti(t, •) — u 2 (t , ^Hoo belongs to L°°((s,s + S)), we can apply the Gronwall 
Lemma 12.614 1. to deduce that u±(t,x) = u 2 {t,x) for a.e. t £ [s,s + <5] and for 
every x £ R d . Since iti and u 2 are continuous, then u\(t,x) = u 2 (t,x ) for every 
t £ [s, s + <5], x £ R d . 

To conclude we prove (13.61) . Let f,g£ B(f,r) C Cb(M. d ). Then u,f and u g 
belong to Yr and 


u f (t) - u g (t) = G(t, s){f - g) + (r u f )(t) - (r u g ){t), t£[s,s + 6]. 
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Since T is a ^-contraction in Yr, then 

II u f ~ u gllc6([s,s+i5]xR d ) — 2||G(-, s)(f — g) ||Cb([s,s+(5] xR d ) — 2||/ — <7 11 oo - 


□ 


4. Regularity and Global existence 

This section is devoted to the regularity of the mild solution given by Theorem 
13.51 and to its existence in large. Further regularity properties will be proved under 
Hypothesis 12.81 First, we show that for every / £ Cb(K d ) the local mild solution of 
problem (13.11) is actually a classical solution. 

Theorem 4.1. Assume that Hypotheses 12.11 and \3.Ji\ are satisfied. Then for any 
f £ Ct,(R d ) the mild solution Uf £ C b ([s,r] x R d ) of problem (13.11) is a classical 
solution. If in addition Hypothesis 1 2. 8\ holds, then 

sup (f - s) l/2 \S7 x Uf{t,x)\ < oo, iff£C b {R d ), (4.1) 

s<t<r, x£R d 

and 

sup \W x Uf(t,x)\ < oo, iffeC£(R d ). (4.2) 

S<t<T, x£R d 

Proof. We split the proof in two steps. In the first step we assume that / £ C£(R d ). 
In the second step we complete the proof. 

Step 1. Let / £ G^(K d ). For any t £ (s,r] and x £ we set g(t, x) := 
ip(t,Uf(t,x)) and we define v as in (12.51) . Thus, Uf(t,x ) = (G(t, s)f)(x) +v(t,x) 
for any t £ [s, r] and x £ R d . 

Let us notice that, since Uf belongs to Cb([s,r] x R d ) and if satisfies Hypothesis 
13.41 then g £ Cb([s, r] x R d ), hence Proposition ^. 101 yields that v(t, •) £ G 1 (R d ) for 
every t £ [s,t], and sup s<t<T || \\7 x v(t ,-)| || l°°(b r ) < +oo for every R > 0. If also 
Hypothesis 12.81 holds, still Proposition 12.101 yields that v(t, •) £ Cl (R rf ) for every 

t £ [s, t], and sup s < t < T \ V x v(t, -^oo < + 00 . _ 

By (12.71) with 77 = 1 (if only Hypothesis 12. II holds') and by (12.131) (if also Hypoth¬ 
esis [TH holds) G(t, s)f enjoys the same properties, and so does Uf. Therefore, (14.21) 
holds if both Hypotheses 12.II and 12.81 hold, and it is replaced by 

sup || |V x u/(t, -)|l«>(Bb) < + 00 , \/R> 0 

S<t<T 

if only Hypothesis 12.11 holds. In both cases, g(t,-) is Lipschitz continuous (hence, 
0-Holder continuous) in each ball Br uniformly with respect to t £ [s,r]. In fact, 
for any x,y £ Br, 

\g(t,x) - g(t,y)\ = \ip(t,u f (t,x)) - tf(t,Uf{t,y))\ 

< L\u f (t,x ) - u f (t,y) | 

<L sup II \V x Uf(t,-)\ \\ L ~>(B R )\x-y\, 

tG[s,r] 

where 

L = sup{|^(t, 0 - if(t, r))\/\£ -ri\ : s<t<r, |^|, \r)\ < ||n/||oo, £ ^ V} 

is finite by Hypothesis 13.41 Thus, Proposition 12.101 yields that DijV belongs to 
C([s, s + <5] x R d ) for i, j = 1, ..., d and that v t = A(t)v + ip(t,Uf) in [s, s + <5] x R d . 
Consequently, u / has the same regularity of v and it is a classical solution of (13.11) 
in [s, s + <5]. 

Step 2. Now, let / £ C b {R d ). As before, v(t, ■) £ G 1 (R d ) for every t £ [s,r], and 
sup s <t< r \Vxv(t, •)| l «, (Bb ) < +00 for every R > 0. By HUD, G(t,s)f enjoys the 
same properties, and GU) follows. 
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Fix £ G (0, t — s). Since the mild bounded solution in [s + e, t\ is unique, then 
u f (t,x) = (G(t,s + e)u f (s + £,-))(x) + f ( G(t,r)ip(r,u f (r,-)))(x)dr ,, 

J S+£ 


for s+e < t < t, x G R d . Since Uf(s+e, •) G C£(R d ), by step 1 applied in the interval 
[s + £,t] the restriction oiuf to the interval [s + £,r] belongs to C'^Os + ^rjxM 11 ) 
and it is a bounded classical solution of problem ed in [s + £,t]. The claim 
follows. □ 


Remark 4.2. Let hypotheses \ 3 - 4 \ HOI be satisfied. Theorem EH and, estimate 

ED imply that for every f G L p (M. d , p s ) the mild solution of to (EU) given by 
Theorem 1 3 . ,91 is a strong solution, in the sense that Uf is the limit of a sequence 
of classical solutions (Uf n ) in L p ([s,t] x M d ,i/). It is sufficient to approach f in 
L p (M. d ,p, s ) by a sequence of functions f n G Cb(S. d ). More precisely, estimate ED 
implies that 

lim sup \\uf{t,-)-Uf n (t,-)\\ L P(Rd )=0. 

n—too s < t <T 

Let / G Cb( R d ). The maximal interval of existence of a mild solution to ED is 
1(f) := U{[s, s+a] : a > 0, ED has a unique mild solution u a G Cb([s, s+a] xR d )} 
and the maximally defined solution uf :1(f) x l d A K to (13.11) is defined by 
Uf(t, x) = u a (t, x), t G 1(f), 0 < t < a, x € R d . 

Moreover we set 

T f := sup 1(f). 

Thanks to Proposition 12.41 the standard procedure to show that either 1(f) = 
[s, +oo) or \\uf(t, -)l|oo blows up as t —> Tf works as well in our situation. For the 
sake of completeness we write down a proof. 

Lemma 4.3. Assume that Hvvotheses \2.1\ and \H.J t \ are satisfied, and let f G Ch(K d ). 
Ifrf < +oo, then hm t ^. T/ ||u/(t, -)l|oo = +oo. 

Proof. Assume by contradiction that \\uf(t, -)||oo is bounded. Then the function 
(t,x) i-A ip(t,Uf(t,x)) belongs to Cb([s,Tf) x S, d ), indeed it is continuous and 

IIV’O, Uf(t, *))IIoo < || i>(t, u f (t , •)) - ip(t, 0)||oo + | i>(t, 0)| 

< L \Wf(t, -)||oo + |V’(*,0)|. (4.3) 

and the right-hand side of (14.31) is bounded in 1(f). Using Lemma EH we extend 
the mild solution Uf by continuity at t = Tf . By Theorem 13.51 there exists 6 > 0 
such that the problem 

( D t v(t) =A(t)v(t) + ip(t,v(t)), t G (Tf, +oo), 

\ v( T f)=u(Tf), 

has a unique mild solution v G Cb([rf,Tf + (5] x R d ). The function 

Uf(t,x), t G [s, Tf), x G 

v(t,x), t G [rf, Tf + <5], x G R d , 

is a mild solution of ED belonging to Cb([s,Tf + 5] x 
nition of Tf. Hence the claim is proved. 

Proposition 4.4. Assume that Hypotheses ID.II and \‘3.4\ are satisfied, and that for 
every s G I, t > s there exists a positive constant h such that 

IVKUOI < h(l + |£|), (g[s,t],(gK. 

Then 1(f) = [s, +oo) for any f G 


w(t, x) = 


contradicting the defi- 
□ 


(4.4) 
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Proof. Assume by contradiction that t/ < +oo, and take t = Tf in (14.41) . By 
Lemma 1531 the function r >->• \\uf(r, ^Hoo is measurable in 1(f), and using (14.411 we 
get ^ 

\\ u f(t, -)||oo < ll/lloo + h(r f — s) + h ( \\uf(r, -)||oo dr, t G 1(f). 

J S 

Hence, Lemmas 12.51 and 137)1 yield 

IMV)l|oo < c(||/||oo + (t/-s)), t e [ S,Tf ), 

for some positive constant c independent of /. So, Uf is bounded, contradicting 
Lemma 14.31 □ 


As in the case of bounded coefficients, condition (l4~4l) may be considerably weak¬ 
ened (namely, replaced by a one-sided condition) if the mild solution is classical. 
The key assumption here is Hypothesis l2.11 iiiL that allows to extend the usual 
maximum principle arguments (e.g., j8, Thm. 2.9, Ch. 1]) to our situation. 

Theorem 4.5. Let Hvvotheses \2. 1\ and \3.4\ hold. Moreover, assume that for every 
s £ I, t > s there exists k > 0 such that 

£ip(t,€) < k(l +£ 2 ), (e[s,r],(eK. (4.5) 

Then 1(f) = [s, +oo) for every f € C),(R d ). 


Proof. Assume that Tf is finite, and let k be the constant in ( 14 . 51 ) with r = Tf. In 
view of Lemma fOl it suffices to prove that t i-A ||u/(i)||oo is bounded in 1(f). First 
we prove that Uf is bounded from above. To this aim, we fix b £ (0, ry — s) and 
A > k, and we set 


v n (t,x) = e A(t s) uf(t,x) 


<p(x) 

n 


t € [s, s + b], x € R d . 


(4.6) 


Then, 


D t v n (t,x) - (A(t)v n )(t,x) 


-A 


^v n (t,x) + 



(4.7) 


+ (A(t)v)(x) + e _ x{t _ s) + <p( x )/ n ) e Kt-*)) 

n 

for s < t < s + b, x £ R d . Since Uf is bounded and limixi^oo tp(x) = +oo, then v n 
has a maximum point (t n ,x n ). If v n (t n ,x n ) < 0 for every n, then Uf(t,x) < 0 for 
every (t,x) S [s, s + b] x R d . Assume that v n (t n ,x n ) > 0 for some n. If t n = s, 
then v n (t n ,x n ) ^ sup f. If t n s, DtV n (t n , x n ) (A(t n )v n )(t n , x n ) A 0 so that, 
multiplying both sides of (14.71) at (t n ,x n ) by v n (t n ,x n ) + ip(x n )/n > 0 and using 
Hvpohesis l2.11 iiil and (14.51) . we get 


0 < 


-A 


i (tn ? <En) 


P(x^n) \ 2 

n J 


a - ap(x n ) 
n 


^ v n (t n ,x n ) + 


Pfan)\ 

n ) 


+fc^l + ^ v n (t n ,x n ) + ^ 

which implies 

7 a A. u „ i , V( x n)\ 2 af u ___ , , <p(x n )\ ^ 

(A k) 1 v n (t n , x n ) -(- I 1 v n (t n , x n ) -(- 1. 

\ n J n\ n J 

Therefore, v n (t n ,x n ) + (p(x n )/n < £ ra , where f n is the positive solution to (A — 
k)f 2 — a£/n = k. So, we get 

v n (t,x) < max{0,sup/, £ n }, s < t < t + b, x £ R d , 
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and letting n —> oo, 

u f (t,x) < e x ( Tf ~ s ^ max{0 , sup /, y/k/(X-k)}, S<t<t + b, X£R d , 

which is an upper bound for Uf, independent of b. The same procedure, with v n re¬ 
placed by e~ x ^~ s ^Uf(t, x)+ip(x)/n , gives a similar lower bound. Since b is arbitrary, 
we get ||rt/||c 6 ([s,T(/))xR d ) < +oo, and the claim is so proved by contradiction. □ 

5. Stability of the null solution 

In this section we assume that 0) = 0 for every t £ I, and we study the 
stability of the null solution to 

D t u(t,x) = A(t)u(t,x) + ip(t,u(t,xf), t £ (s, +oo), x £ (5-1) 

in the space Cb(R d ) and in the spaces L p (R d ,p t )• 

The definition of stability, instability and asymptotic stability in Cb(R d ) is the 
usual one; the definition of stability in our time dependent L p spaces is less standard. 

Definition 5.1. Let 1(f) = [s,+oo). We say that the trivial solution u(t) = 0 of 
the equation «53D is 

(i) stable in Cb(R d ) if for any e > 0 and s £ I there exists S > 0 such that if 
f £ Cb(R d ) satisfies ||/||oo < 5 then \\uf(t, -)||oo < e for any t > s; 

(ii) stable in L p (R d ,fi t ) if for any e > 0 and s £ I there exists <5 > 0 such that if 
f £ L p (R d ,p s ) satisfies ||/||z,P(Rd lJ[is ) < 6 then \\u f (t, •)|Up(R'V t ) < £ for any 
t > s; 

(iii) asymptotically stable in if (i) holds and there exists S > 0 such that for 

any f £ Cb(R d ) with ||/||oo < 6 the function Uf(t , •) converges to 0 uniformly 
in R d as t —> +oo; 

(iv) asymptotically stable in L p (R d , fi t ) if (ii) holds and there exists 6 > 0 such that 

if f £ L p (R d ,fj, s ) satisfies ||/||z,**(r«*, m „) < $ then \\u f (t, converges 

to 0 as t —»• + 00 ; 

(v) unstable in Cb(R d ) ( resp. L p (R d ,^ t .)) if it is not stable in Cb(R d ) ( resp. 
L p (R d ,m)). 

Remark 5.2. It is clear that each sufficient condition which guarantees that the 
trivial solution of the ordinary differential equation u! = if>(t , u) is unstable, also 
guarantees that the trivial solution of the partial differential equation D t u = A(t)u+ 
i/j(t , u) is unstable. 

In next Theorems 15.51 and 15.91 we shall give sufficient conditions for the stability 
of the trivial solution u = 0 in Cb(R d ) and in L p (R d ,fi t ) respectively. To this aim 
we will consider the following assumptions. 

Hypothesis 5.3. (i) the function ip(t, •) is continuously differentiable at 0 and 

the function d y ip(t, 0) = J^(t, y)\ v =o belongs to C(*J^(I); 

(ii) sup teJ 0) =: -w 0 < 0. 

In view of Hypotheses 15.31 we write equation (15.11) as 

D t u(t , x) = 25 (t)u(t, x) + $(f, u(t, x)), t £ (s, + 00 ), x £ R d , 

where 

23(f)u(x) := A(t)v(x) + d y if>(t , 0))u(a;), t £ J, x £ R d , 

and 


$( t , 0 = 0 - dyf )( t , 0)£, t £ I , f £ R . 


(5.2) 
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We denote by G® (t, s ) the evolution operator associated to the family of oper¬ 
ators “33(f) in G&(R d ). It is easy to show that G®(f, s) can be written in terms of 
G(f, s) as 

Gv{t,s)f = exp(^J dyil)(a,0)do^G(t,s)f, f G C b (R d ),s G /, t > s. (5.3) 
Estimate (12.21) yields 

||G®(M)/l|oo — exp ( d y 'i/j(<j,0)dcr S J\\f\\ oo , 
for any / G Gf,(R d ) and t > s G J. 


As usual, it will be useful to consider exponentially weighted Cb spaces. For any 
ui G 1 and s G / we define C w ([s, +oo) x R d ) as the set of the continuous functions 
v : [s, +oo) —> Gb(R d ) such that 

IMIc w ([«,+oo)xr-*) : = sup e“ (t ~ s) ||u(£,-)||oo < +oo. 

££[«,+oo) 

Clearly, G^([s, +oo) x R d ) C Ct,([s, + 00 ) x R d ) if u > 0. 

Proposition 5.4. Let Hypotheses \2.1\ and 15.51 hold. Fix to G [0,wo). For any 
f G Gh(R d ) and g G G w ([s, + 00 ) x R rf ), let z be the unique mild solution of the 
problem 

j D t z(t,x) = r B(t)z(t,x) + g(t,x), t G (s, + 00 ), x G R d 

\ z(s,x) = f(x), x G R d , 

Then z belongs to C w ([s, + 00 ) x R d ) and 

IMIcU[s,+oo)xR d ) < II/II 00 H-IMIcy j ([s,+oo)xR d )- (5-4) 

UJ o — CJ 

Proof. The function v(t, x) := e aj ^ t_s ^z(£, x) is the unique mild solution of the prob¬ 
lem 

J D t v(t, x) = (23(f) + u})v(t, x) + e u ^~ a ^g(t, x), (t, x) G (s, + 00 ) x R d , 

\ v(s,x) = f{x), x G R d , 

so that it is given by the variation of constants formula 

v(t,x) = e“ (t_s) (G®(£, s)f)(x) + f e ul ( t ~ r \G%(t,r)g U] (r, -))(x) dr t > s, x G ! d , 

J S 

where g u (r, x) = e u ^ r ~ 8 ^ g(r, x) for any s <r <t and x G M d . Since 

e“( t - s )||G s (M)|| £(C6(R , i)) < <1, s G /, t> s, 

then 

Mt, -)||oo < WfWoo + r eiu+ho)(t - r) \\gu(r t OlloorfT- 


< ll/l|oo + ||ff||c w ([»,+oo)xR-) f e^W-^dr 

J S 


< 


1 


IC^([s,+oo)xR‘ i )) 


UJq — Ul 

for any t G [s,+oo). Taking the supremum with respect to t G [s,+oo), (15.41) 
follows. □ 
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Proposition 15.41 is used to prove a nonautonomous version of the principle of 
linearized stability, in the spirit of m- 


Theorem 5.5. Let Hvvotheses \2.1\. \3-4\\5.3\ hold. Fix s € I and assume in addition 
that the function be continuous in a neighborhood Ho of 0 uniformly with 

respect to t > s. Then, for any u £ [0,wo) there exists r u > 0 such that if f £ 
Ch(R d ) and ||/||oo < r u then r(f) = +oo and the unique mild solution Uf of problem 
(EH) satisfies 

\\uf{t, -)||oo < 2e _ “ (t_s) ||/|| 00 , t£[s,+ oo). (5.5) 

In particular, the trivial solution is asymptotically stable in Cb(M. d ). 


Proof. First of all we claim that the function 

A t (p)=supj- _ ^ - : £,pS[-p,p] 

where $ is defined in (B goes to 0 as p —> 0 + uniformly with respect to f G 
[s, +oo). Indeed, $(i, •) is continuously differentiable in a neighborhood of 0 and 


K t {p)< sup sup - dfip(r, 0)), 

rE(s,+oo) ctE[— p,p] ' ' 


(5.6) 


for any t £ [s, +oo), p > 0. The right hand side in (15.611 goes to 0 as p —> 0 + , and 
the claim follows. 

Now we show that if ||/||oo is small enough, the solution Uf of (13.11) is also the 
unique fixed point of the operator T defined on 

Y p = ju e Cb([s, +oo) x K d ) : supe“ (t_s) ||w(t,-)||oo < pj, 


by setting 

(F v)(t) = G‘s(t,s)f + f Gv{t,r)$(r,v{r))dr, t>s,v£Y p . 

J S 

(See the notation after Hypothesis 15.31) . Lemma [2.41 and formula (15.31) imply that 
Tv £ C^Qs, +oo) x M d ). Moreover, if v £ Y p , then 

ll$(i> w (V))l|oo = \\${t,v(t,-)) - $(t,0)||oo 

< K t (p)\\v(t, -)||oo 

< A" t (p)e _aj(t_s) p, t£(s,+ oo), (5.7) 


so that the function (t,x) i-A g(t,x) := 3>(t,v(t, x)) belongs to C^([s,+oo) x R d ), 
and ||s||c^([s,+oo)xR d ) < pKt{p)- Applying Proposition 15.41 we obtain that Tv £ 
C u ([s, +oo) x K d ) and 

l|r'y||c^([s,+oo)xR d ) < 11/llooH-llffllc^([s,+oo)xR d )‘ (5-8) 

id 0 — dd 

Choosing p > 0 small enough such that for any t £ [s, +oo), K t (p) < (ojo — w)/2 
and \\f\\oo < := p/2, we obtain Tu £ Y p . Moreover, for any v\,v 2 £ Y p we have 

(Tvi)(t) - (Tv 2 )(t) = f G®(t,r)($(r,ui(r)) - <F(r, u 2 (r))) dr, 

J S 

hence, by (15.41) . 

II P^l ~ r^2||c^((s,+oo)xR d ) < - v l(‘)) — ^2 (*)) ||c w ([s,+oo) xR d ) * 

c^o — CJ 

On the other hand, if v £ Y p then sup tg r s +oc ) || v(t, -)l|oo < p, so that 
||$(t,«i(t, •)) - $(t,v 2 (t,-))\\ 00 < #t(p)|Mi,-) -v 2 (t, -)||oo 
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and 

lirVi - ru 2 ||c u ,([ s ,+ 0 o)xR‘') < —-— sup e u{t ~ s) K t (p)\\v!(t, ■) - U 2 (t,-)||oo 

^0 ^ ££[s,+oo) 

< —1|Vi - U2||c u ,([«,+oo)xK‘ i )- 

Hence F is a contraction on Y p , and it admits a unique fixed point v £ Y p that is 
a mild solution of ED, and therefore it coincides with u/. In particular u/ £ Y p , 
and using ED and (15.81) we get 

ll U /llc , ^([s,+oo)xM‘*) = ll ru /llc i +[s,+oo)xR‘ i ) 

< l|ru/ — r(0)|| Cij ([ Si+OO ) XK d) + ||r(0)|| Cu([Si+oo)xK<i) . 

Since r(0)(t,a;) = (G® (t,s)f)(x), and ||G®(-,s)/|| c - u([S)+oo)xH d ) < ||/||oo, ED 
follows. □ 


Remark 5.6. Looking at the proof of Theorem, \5.51 we see that if d^if(t, ■) is con¬ 
tinuous in a neighborhood Ho of 0 uniformly with respect to t £ I, then does not 
depend on s. 


If we strenghten condition (14.51) . replacing it by 

< ipof, 2 , tel, £eM, 

we obtain better estimates, that yield a global stability result if i/jq < 0. 


(5.9) 


Theorem 5.7. Let Hypotheses and \3.4\ hold. If there exists ifo £ R such that 
ED holds, then for every s £ I and f £ Cb( R d ) we have 1(f) = [s, +oo), and 

\uf(t,x)\ < e^ o(t-s )||/|| 00 , t>s, xeR d . (5.10) 


Proof. For every s £ / and r > s, (14.51) is satisfied, and therefore, by Theorem 14.51 
1(f) = +oo for every / £ Gf,(R d ). To obtain estimate (15.101) we modify the proof 
of Theorem El We define v n by ED taking now A > ifo and b = +oo. Since 
Uf is bounded and limui^oo tp(x) = +oo, then v n has a maximum point (t n ,x n ). 
If v n (t n ,x n ) < 0 for every n, then u/(t,x) < 0 for every (t,x) £ [s,+oo) x R d . 
Assume that v n (t n ,x n ) > 0 for some n. If t n = s, then v n (t n ,x n ) < sup/. If 
t n > s, D t v n (t n ,x n ) — (A(t n )v n )(t n ,x n ) > 0 so that, multiplying both sides of 
(14.71) at (t n ,x n ) by v n (t n ,x n ) + <p(x n )/n > 0 and using Hvpohesis l2.1l' iiil and (15.91) . 
we get 


0 < 


-A 



V(Xn) 

n 


2 


a - ap(x n ) 
n 


^v n (t n ,x n ) + 


+ (g+) \ 

n ) 


++0 ^ + (tn-, Xji) + 


which implies 


(A - V'O) ( Vn(t n ,Xn) + 


V(x n 


<p(x n ) 


- - ( V n (t n ,x n ) + ) < o. 


n 

\-i 


Therefore, v n (t n , x n ) + ip(x n )/n < a (A — ifo) , that yields 

a 


v n (t, x) < max < 0, sup /, 


n (A - ip 0 ) 


, t > s, x £ . 


Coming back to u/ we get 

e ~ x ^- s ^ U f(t, X ) — ^ X ^ < max|o, sup/, 


n (A - i/o) 


, t > s, x £ 














22 


L. ANGIULI AND A. LUNARDI 


Letting n —> oo, we obtain 

e _A ( 4_s ^u/(t,a;) < max{0, sup/}, t > s, x £ 
and letting A —> V'O) 

e -i/'o(*-s) z < max{0, sup/}, f > s, a; € R d . 

Arguing similarly, with v n defined now by e~ x ^~ s ^Uf(t,x) + ip(x)/n, we obtain 

e -ip 0 ^- s ) U f{t^ x ) > min{0, inf/}, t > s, x £ 

and (15.101) follows. □ 

Condition (EJ) allows to obtain global estimates also in the context of our L p 
spaces. We would like to follow the standard method to get L p estimates of classical 
solutions for a fixed measure, together with the heuristic formula 

A [ 9 {x)nt(dx) = - [ (A(t)g){x)p t (dx), (5.11) 

J R d JR d 

that would give (with u = Uf) 

A / \u(t,x)\ p p. t (dx) = [ (D t \u(t,x)\ p - (A(t)(\u(t, -)\ p ))(x))nt(dx) 

J«. d JwL d 

= / p\iL{t,x)\ p ^ 2 {u{t,x)il){t,u{t.,x)) - ip- l)(Q(t,x)'V x u(t,x),V x u(t,x)))iJ,t(dx) 

J R d 


<if>oP \u{t,x)\ P Ht(dx) 
jR d 

and the statement would follow. However, (15.111) was proved only for C 2 functions 
that are constant outside a compact set m Lemma 3.1]), and there is no reason 
for be constant outside a compact set. So, we multiply by a sequence of 

cutoff functions that are equal to 1 in B n and vanish outside An. In this way we 
introduce extra terms; the further assumptions (15.121) will be used to get rid of such 
extra terms as n —> oo. We state below the version of (15.111) that we need here. 

Lemma 5.8. Under Hypothesis HAj fix [a, b] C I. For every g £ Cj' 2 ([a,6] x R d ) 
such that g(t,-) is constant outside a compact set for every t £ [a, b], the function 
t H► J Rd g(t, x)pt(dx) is continuously differentiable in [a, 6] and 

4 / g(t,x)p t {dx) = [ D t g(t,x)p. t (dx) - f {A{f)g(t,-))(x)g t {dx), 

OX JRd JRd JRd 

for every t £ [a, b]. 

Proof. The statement was proved in [3J Lemma 3.1], in the case of diffusion coeffi¬ 
cients qij depending only on t. But the proof relies on general properties of G(t, s) 
that do not require this restrictive assumption, and can be followed word by word 
in our general context. □ 

Theorem 5.9. Let Huvotheses \2.1\. \2.8l and \S.2\ hold. In addition, we assume that 
for any s £ I and r > s there exist three positive constants Ci = Cfis, r) , i = 0, 1, 2 
such that 


\Q(t,x)x\ < C 0 \x\p(x), 

Tr (Q{t,x)) < Ci(l + \x\)ip{x), 
(b(t,x),x) < C 2 \x\ip(x), 


( 5 . 12 ) 
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for any t £ [s, r], x £ where p is the Lyapunov function introduced in Hypothesis 
\2.lV iii). If there exists ip such that (15.91) holds, then for every s £ I and for 

every f £ L p (M. d ,p t ) we have 

II u f (t, -)IU*(RV t ) < e^- s >||/|| L P (R<Va ), t > s. (5.13) 

In particular, if ipo <0 the null solution of (ELD is exponentially asymptotically 
stable in L p (R d , p t ) ■ 

Proof. The proof is in two steps. In the first step we prove that (15.131) holds if 
/ € Cl(U. d ). In this case Uf is a classical solution and its space gradient is bounded, 
which helps to get rid of some of the extra terms obtained with the introduction of 
cutoff functions. In the second step, we consider any f £ L p (R d ,p s ) and we prove 
the statement by an approximation procedure. 

Step 1. Let / £ Cj)(R d ), and let u = Uf be the mild solution to (13.11) . u is a 
classical solution by Theorem 14.11 moreover (15.91) is stronger than (14.51) ; therefore 
by Theorem 14.51 we have 1(f) = [s,+oo). 

To get L p estimates on u we introduce a sequence of cut-off functions 9 n , defined 
by 

0„(ie) = C^M^, x£R d , n£N. 

where ( £ C°°(R) is a nonincreasing function such that C(£) = 1 for £ < 1, £(£) = 0 
for £ > 2. 

In addition, since the term |zt| p_2 will appear in our computations, to avoid 
unpleasant singularities in the case p < 2 we introduce the functions 

Vn,e ■= (OnU 2 + £) 1/2 , U £ N, £ > 0. 

We shall estimate the functions 

Pn,e(t) ■= |K, £ (V)||z,p(RV*), * > 8. (5.14) 

To this aim we remark that is continuous in [s, +oo), for every n £ N and 
£ > 0. Indeed, for every t, to > s we have 

I v n , e (t,x) p dp t / v n , £ (to, x) p dpto 

jR d jR d 


< 


I |^n,s (C x) P On,e (to , x) P \dpi T I V n , £ (to , x) P dfit I ^n,e (^0 1 w) P dpt^ 

jR d JR d JR d 


The hrst term vanishes as t —> to by the continuity of v ntE and the Dominated 
Convergence Theorem, the second term vanishes as t —> to by Lemma l2.2l 

By Lemma |5.81 /3 n<s is differentiable in (s, +oo). Let us estimate its derivative. 
For any r > s, the function v n>e satisfies 


u0 

D t v = A(t)v H- -ip(t,u) + g n , t £ (s,r], 

Vn,£ 

v(s,-) = (0 n f 2 + e) 1 / 2 , 


(5.15) 


where 

9n - = 


2 v n 


-A(-)6 n 


^- — )(Q(-)V0„,v x u) 


1 - 


u 2 9 r , 


(Q(-)S7 x u,\7 x u) 


4^3 


(Q(-)V0„,V0 n ) 


< — 


2n„ 


3 0, 


2 u 


A(-)9 n + ^-<Q(-)V0„, S7 x u) + 


u n,e 


<Q(-)V0„,V0„) 
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•— h n 


( 5 . 16 ) 


Multiplying the differential equation in (15.1511 by v p ^ and using (15.161) we get 


u6 n 


V Z,e lD tVn,e < V^A(t)v n , e + U) + V^K 


( 5 . 17 ) 


for any t G (s,r]. Now, by TheoremO. || V x u(f, -)lloo < ci and \\D 2 x u(t, •)|| L oo (B k) < 
c 2 (t-s)~ 1/2 for any t G (s, t], R > 0 and some positive constants Ci, c 2 independent 
of t. Using such estimates and recalling that 9 n has compact support in M. d , assump¬ 
tion (15.1211 yields that for any t G (s,t], any n G N, the functions v^~^{t)D t v n ^{t), 
v^-A(t)v n ^ and /i„^“ 1 (t) belong to L 1 (R d ,/4t). Hence we can integrate (15.171) 
with respect to pt in R d to get 


D t{Vn,eWt 


( 5 . 18 ) 


<P vPjA(t)v n , e diM+p / vP l s 2 ue n 'il)(t,u)dpt+P vP^hndm, 

JR d ’ jR d ’ JR d 

for every t G (s,r]. Lemma 15.81 applied to the function g ■= v p e in any interval 
[a,b\ C (s,r], gives 

[ D t vP te dp t = D t \\v nt£ \\ p LP(SL d Mt) + [ Mt)(Vn,e)dp-t, s <t<r, (5.19) 

JR d 

and since 

Mt)(Vn,e) =P^Te 1 A(t)Vn, S +P(p-^)v^ e 2 (Q(t)V x V nt e,V x V n>s ), (5.20) 
putting together (15.181) and (15.1911 we get 

D t \\v nie (t,-)\\ P LHRd } <p vP- 2 e n m/j(t,u)dg, t + 

JR d 

+P / (Vn^hn - (p-l)v p ~ 2 (Q(t)V x v n , E , V x v n , e ))dfi t 
jR d 

<P vP~ 2 9 n uip(t,u)dnt+p yP^hndpf 
J R d JR d 


Now we claim that there exists K > 0 such that 


[ v n , ye (t,-) p 1 h n (t, -)dp t < 

jR d 


K 

n 


S < t < T. 


( 5 . 21 ) 


(5.22) 


Once (15.221) is proved, assumption (15.91) allows us to estimate v p 2 6 n uip(t,u) by 
ipoVn~ e 2 d n u 2 and then to proceed. Indeed, by (15.211) we obtain 


\\Vn,e(t2 

) ')lli> , (R ,i ,jUt 2 ) l|nn,e(U 

) 0 lLP(R d ,M tl ) 

r 

t2 ( 

r 


~*°L 

(iiw(u-)iii;fR Vr) _ 

/ n n>e (r, 
m d 

■r 

A 2 , 

f , r 



+ l < 


Vn,e{r,-) P ~ 

~ x h. 


. 23 ) 


for any s < t\ < t 2 < r. Hence, taking (15.221) into account and letting n —> oo, we 
get 

ll(«(*2, -) 2 + £ ) 1 ^ 2 ||iP(R d > Mt) - ||(w(ti, -) 2 + e) 1 ^ 2 ||LP(R<i, Als ) 
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< 


V’o ^ ^11 («(»*, -) 2 + XX L ^ r) + £ ^ P 2)/2u2 ( r ’ -) d ^dr 


(5.24) 


Letting e —> 0 in (15.241) yields 

pt2 

|K*2,-)lliP(R<V t2 ) <l|M(ti,-)||LP(Rrf, Mtl ) +^0 / l|M(r,-)||iP(R<i, Mr )dT 

•til 

for any s <t\ <tz < t, and from the Gronwall Lemma, estimate (15.131) follows. 

It remains to prove (15.221) . We have f Rd v n>£ (t, ■) p ~ 1 h n (t,-)dnt = Xk=x d k{t), 
where 

h(t) = [ v niE (t,-) p ~ 2 u 2 (t,-)A(t)9 n dfjL t , 

* jR d 

h(t)= f V n , e (* ) -) P - I f“ 3fln 2U 

dRd V 


(Q(ti *)V On i V 


C 4 

/ 3 (t) = / ve(t,-) , ’" 4 -r(Q(t,-)V6> ni V0 n )d/i t . 
JE J 4 

Let us compute ,A(t)6)„. For any ( £ I and x G M. d \ {0}, we have 
Tr(Q(t,x).D 2 (9 n (:r)) =C 


(Q{t,x)x,x) , Tr(Q(t,a;)) 


n / ni 


-c' 


/ ANA (Q(t,x)x,x) 


n / ni 


3 ’ 


and 


{b(t,x),V9 n ( x)) = C 


, f\x\\ (b(t,x),x) 


n J n\x\ 

Recalling that the supports of Cf and Q" are contained in [1,2] and that Cf < 0, 
(15.121) yields 

C 

sup \Tr(Q(t,x)D 2 9 n (x))\ < — y>{x), x G l d , 

£G[s,t] ^ 


and 


inf {b(t,x),'V9 n (x)) > C (—) — ‘fix), x G R d , 
te[s,r] \ n ) n 


where C is a positive constant depending only on Co, C\, C 2 , ||C'||oo and ||C"|| 00 - 
Therefore, there is K > 0 such that A{t)9 n > — Kip(x)/n , that implies 

h(t) < [ v n , £ (t,-) p tpdiH < ^-(\\f\\lo+£) p/2 M v , 

2 n J R d 2 n 

where M v is the constant defined in (HU). In a similar way we estimate 

\Q(t,x)V9 n \ < IIC'lloo^^- < — <p(x), t G [s,t], x G R d . 

n\x\ n 

Since Hypothesis 12.81 holds, || \7 x u(t, -)||oo is bounded in [s,r] by Theorem 14.1[ and 

3 c f 

\h(t)\ < — sup ||V x u(t, -)||oo / v n:E {t,-) p - 1 ipdnt 

3C 


< — sup || V x it(f, 

^ s<t<r 


^ +e) (P-l)/2 M 


\h(t)\ < T||V0„| \ 00 j^v n , E (t,-) p <P d lH < ^WCWooiWfWl+X^M 

and (15.221) follows. 
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Step 2. Now, let / € L p (R d ,p s ) and (/„) C C£ (K d ) converge to / in L p (R d ,p s ) 
as n —> +oo (see [3] Lemma 2.5.]). Step 1 yields 

\\uf n {t, < e v ' o(t_s) ||/„||LP(R<i, /is ), n € N, t > s. 

Moreover, by estimate (13.31) there is a constant K. depending only on s and r, such 
that 


II - Uf(t,-)\\ LP ( R d ilH ) < K\\f n ~ f\\LP(R*,n a ), s<t<r,ne N. 

Consequently, 

^/(COlUnRhMt) = r l™ o ll u /n(^-)||i,p(R^ Mt ) < e v ’ o(t_s) ||/|| LP (R< i , /ia ), s<t<T. 
By the arbitrariness of r > s we conclude that u / satisfies (15.131) . □ 

Now we turn to hypercontractivity in problem m- As in the linear case, we 
need some logarithmic Sobolev inequalities with respect to the measures fit- 

Hypothesis 5.10. There exists a positive constant K such that 

[ \gV log ls-1 dhr < IMIl-ynay „ ) log IMlL7(R<y Mr ) + jK [ | 5 | 7_2 |Vg| 2 d/r r , 

J R d J{g^ 0} 

(5.25) 


for any r G I, g G C^(K d ) and 7 G (l,+oo). 

Theorem 5.11. Let the assumptions of Theorem, 15..91 be satisfied, and assume in 
addition that Hypothesis \5fTU\ holds. For any s £ I, p > 1 set 

p(t) := e n ° K ~ 1 ^ t ~ s \p - 1) + 1, t>s, 

where r/o is the ellipticity constant of Hvvothesis \2. fY ii) . and I\ is the constant in 
(15.251) . Then for every f € L p (R d , p s ), Uf(t,-) G L p l*l(R d , p t ) for every t> s and 

I \u(t, •)ILpW(R 7 /lt) < e Mt - s) \\f\\ L P(wLd^ s) , t > s. (5.26) 

Proof. We follow the proof of Theorem 15.91 and we use the notation introduced 
there; to shorten formulae we denote the norm || • || iP (t)(Rd jPt ) by || • || p (t). As in 
Theorem [AH in the first step we prove that (15.261) holds for / G Cl (M d ) and in the 
second step we consider any / G L p (R d ,p, s ). 

Step 1. Let / G Cl (M d ). The functions defined in (15.141) are replaced here by 

Pn,e{t) := ll^n,e(^;')lliP( t )(R d )Pt )j t > S. 

Arguing as in Theorem 15.91 we see that /3 n<e is continuous in [s, + 00 ). Lemma f5.81 
yields that the function t <—> f Rd Vn,e dpt is differentiable in (s, + 00 ), for any n G N, 
e > 0, and using (15.201) we get 

[ DtifP^dpt- [ A(t)v p ^dp t =p'(t) [ <Wlog v n>E dpt 

J R d J R d J R d 

+P(t) [ g n (u)dp t - p{t)(p(t) - i) [ v p ^~ 2 {Q{i)W x v n ^,W x v nt£ )dpf 

J R d J R d 
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Therefore, /3 njE is differentiable in (s, +oo), and its derivative is given by 

Pn,M = \\ v n, E (t,-)\\ p(t) j-^-iog [ v p( £dp t 

L P v r l J R d 

+ —-- p'(t) f <^log v n , E dnt+p{t) [ v$fi- 1 g n dm 

-p(t)(p(t) - 1) f v p ^~‘ 2 {Q{t,-)S7 x v n ^,S7 x v n ^)dp, t )• 

JR d J J 

By the logarithmic Sobolev inequality (15.101) and the ellipticity condition, 

p’(t) [ v p( £ \ogv n ^d^ t -p(t)(p(t) - 1) [ v^~ 2 (Q(t,-)\7 x v n , e ,S7 x v n , E )dnt 
jR d ' J R d 


< P'(t)\\v n , e (t, •)||p[() log |K,e(t, -)llp(t) 
+p(f)(p'(t)A' - 7? 0 (p(t) - 1)) [ v^\S7 x v n , e \ 2 dpt 

JR d 


= P'{t)\\v n>e (t, -)llp(t) ^g \\v n ,e(^ -)llp(t)- 

Such inequality, together with the dissipativity condition (15U1) and the inequality 
g n < h n (see (15.161) 1 yields 

Dt ||u ri)£ (t, •)||p(t) A 

<\WA^-)\\l~{t) {t) { ( Vn { 2~ 2 0nUi/j{t,u)dnt+ [ v p ^~ 1 h n dp t '] 

y 1 \ JR d JR d J 

which is equivalent to (15.211) with p(t) in place of p. It implies that (15.261) holds, 
still with p(t) in place of p , and arguing as in the proof of Theorem 15.91 we arrive 
at (15.261) . 

Step 2. Let / £ L p (R d ,p s ), and let (/„) be a sequence of functions in C£(R d ) 
such that || f n — /||Lp(R d ,p s ) vanishes as n -* oo. From Step 1, applied to the 
linear case ip = 0 we obtain that G(t,r) maps L p ^(R d , p r ) into L p ^(R d ,fj, t ) for 
t > r > s, and 

\\G{t,r)g\\ L p(t)(wi d ,ij,t) ^ e ’ / ’ o(t_r) ll5llLpM(R d ,p r ) I t>r>s , g £ L p(r) {R d , p r ). 

Fix t > s. According to Hypothesis 13.21 let L > 0 be such that \ip(r, x) — ip(r, y)\ < 
L\x — y | for every r £ [s, r], x, y £ R d . Using (13.21) we obtain for n, m £ N and 
s < t < T 

\\ u fn(tr) ~ Uf m {t,-)\\ p( t) < e^-^Wfn - fm\\ L P(R d ,n a ) 

+ [ e ,/ ’ o(l ” r) || ip(r,u fn (r,-))-ip(r,u fm (r,-))\\ P (r)dr 

J s f 

< e^ (t - s) (||/„ - f m \\LP^ tlt .)+L j e^-^WufSr,-) -«/ ra (r,-)|| P (r)dr) 

The Gronwall Lemma yields 

ll u /n(V) -Uf m {t,-)\\ L pw iSL d >lit) < e^ 0+L){t - s) \\f n - /m|| LP( RV s )’ s < t < T : 

so that (uf n (t, •)) is a Cauchy sequence in (R d , p t ) for any t £ [s,t], and it 
converges to some i>(t) £ L p ^(M. d , p t ). We already know, from estimate (13.31) . 
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that (uf n (t,-)) converges to Uf(t , •) in L p ( for any t G [s,t]. Therefore, 
v(t) = Uf(t , ■) G L p W(M d ,/x t ) for any t G [s, r]. Moreover, by Step 1 we have 

\\ u fA^-)\\LpW(Rd^ t) < e^ o{t ~ s) \\f n \\ LP(M d tlJ , a) , t>s , n G N, 

and letting n —> oo we obtain ||it/(t, ■ )llLP(*)(Rd, / i t ) < e^ o(t ||/||li»(r<I )M> ) for any 
t G [s,t], which yields (15.261) since r is arbitrary. □ 

Remark 5.12. Assumptions (15.121) are not very restrictive, because in explicit 
examples we can play with the choice of ip. For instance, let A(t) be as in (12.11) 
with 

Q(t, x) = q(t)( 1 + \x\ 2 ) 1 Q q , b(t, x) = —b(t)x( 1 + |x| 2 ) m , t G I,x G R d , 

with m, l > 0. Here Q° is a positive definite real symmetric matrix and the func¬ 
tions < 7 , b have positive infimum and belong to C^J 2 {I) D C&(/). A straightforward 
computation shows that for every r > 0 the function ip(x) = (1 + |:r| 2 ) r , x G R d , 
r > 0 satisfies 

(A(t)ip)(x) <2 np{x) { supg(t)[2(r - l) + (Q 0 :r, z)(l + |x| 2 )*~ 2 + Tr(Q°)(l + |x| 2 )* -1 ] 
L tei 

-inf6(t)|a;| 2 (l + |x| 2 ) m - 1 |. 

Thus, if m > l — 1 Hypothesis 12.If in) and Hypothesis 12.81 are satisfied, for every 
choice of r > 0. Assumptions (15.121) hold provided r is chosen large enough (r > l). 


Appendix A. Linear parabolic equations in balls 


This Appendix is devoted to the proof of estimates (BUD - Since R is arbitrary, 
everywhere we replace R + 1 by R. Our tools are the general results of mm and 
interpolation arguments. 

We choose X = C(B R ). The realizations A(t) : D(A(t )) = {/ G n p >i W 2,P (B R ) : 
f\dB R = 0, A(t)f G X} of A(t) in X are sectorial operators by the Stewart’s Theo¬ 
rem f|14]h Their domains depend on t, but the interpolation spaces (X, D(A{t)))g^ 0c 
are independent of t. Indeed, we have 

(X, D(A(t))) 0tOO = {/ G C 29 (B r ) : f mR = 0} (A.l) 

for 9 ^ 1/2 and 

(X,£>(A(i))) 1/2 ,oo = {/ e e(B R ) : f [dBR = 0} 

where C 1 (B R ) is the Zygmund space of the continuous functions such that 

sup I }{x) + f(y) -m(* + y)m\ < +QO 

x,yeB R ,x^y \ X y I 

The respective norms are equivalent to the ( X , H(A(t)))e j 00 -norm, with equivalence 
constants depending only on R and on the Holder norm of the coefficients in [a, b] x 
B r . Moreover, for 0 < 9 < a/2, 


{/ G D(A(t)) : A(t)f G (X,D(A(t))) e ,oo} = 
= if G C 2d+2 (B R ) : f\ dBR = A(t)f\ aBR = 0} 


(A.2) 


and in such space the C 29+2 norm is equivalent to / i-A ||/||oo+|| A(t)f\\ (x,D(A(t))) s 
with equivalence constants independent of t. See 0 Sect. 3.1.5]. 

Moreover, each A(t) is one to one, and for fixed 9 G (0,a] we have 


||(A(f) ^^(s) f\\c e ( b r ) — s) a/2 1|/|| oo; a < s < t < b, f £ X, 
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as easily seen using the Schauder estimates for elliptic equations with cn-Holder 
continuous coefficients. 

Therefore, Hypothesis 7.3 of [2j is satisfied. By 5Q Thm. 4.2(iii)], for every 
71 £ (0,1) there exists C\ = 61 ( 77 ) > 0 such that for every / £ (A, D(A( 0))) MjOO we 
have 

\\G(t, s)/||(A',D(A(t))) /i ,oo ^ ( ^II/II(A',D(A( 0 ))) m , oo ; a < s < t < b, 

(t- sy\\A(t)G(t,s)f\\x < C'||/||(x,d(A( 0 ))) m , ooI a<s<t<b. 

Such estimates hold also for fi = 0, with the convention (A', D(A(0)))o,oo = A, by 
[U Thm. 4.1(i)]. By interpolation, for every 77 £ [0,1) and [3 £ (0,1) there exists 
Ci = 62 ( 77 , /3) > 0 such that for every / £ (X,D(A( O)))^^ we have 

(t- s) max{/ 3 _M ’ 0 } ||G(t,s)/|| (Xir , (A(t)))(3iOo < C 2 \\f\\ { x,D(M0)))^ a < s < t < b. 

(A.3) 

Taking /3 = 77 /2 and /x = 0, (12.91) follows for 77 < 2, 77 ^ 1 from the characterizations 
(IA.II) . For 77 = 1 such arguments give an estimate only for ||G(£,s)/|lei(B R )i how¬ 
ever the estimate in the C 1 norm is readily recovered from the estimates for 77 ^ 1 
by interpolation, using e.g. the interpolatory estimate 

IMIc-pfe) < c \\KI*(b,M&’(b„y * £ c3,2 ( B ^- 

So, (12.91) holds for 0 < 77 < 2. Now we prove (12.91) for 77 £ (2, 2 + a}. 

By 0 Thm. 6.4], for every 77 £ (0,1) and for every (3 < a/2 there exist C 3 = 
( 73 ( 77 ) and C 4 = Ci(n,(3) > 0 such that for every / £ (A, £>(2L(0))) MiOO 

(f - s) 1 ~ ll \\A(t)G(t, s)f \\ x < C' 3 ||/||(x,D(yi(0))) M , oo) a<s<t<b , 

(t - s) 1 -' i+/ 3 ||A(t)G(t, s)f || ( x,D(A(t))) 3, 00 < C 4 ||/||(a,u(A( 0 ))) m , oo , a < s < t < b. 
Taking into account (1A.2[) . such estimates (with 77 = d/2, (3 = (77 — 2)/2) yield 
(t - s) {v - e)/2 \\G{t,s)f\\ cri(SR) < C' 5 ||/|| cfl(Sjl) , a < s < t < 6 , 
and (EH) is proved for 77 £ ( 2,2 + a]. 

As in the case 77 = 1, a direct use of (IA.3I) with // = 0/2,/3 = l, does not give an 
estimate for ||G(£, s)f\\ c2 (j^ R ~ ) since the graph norm of each A(t) is weaker than the 
C 2 norm. However, as before we recover the C 2 estimate using the interpolatory 
estimate 

IMI c .< 5„) < c||*>ll^_. (Bll) ll(cll^. (5 ,), *> e C 2 +*(B«), 

and (12.91) with 77 = 2 — e, 77 = 2 + e, e £ (0, a). 
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